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Categorizing RL agents

Axis 1: How to make decisions Axis 2: Environment Representation
* Value Based * Model-based
* Policy and/or Value/Q Function
e Value/Q Function e Model

* Policy Based

* Policy * Model-free
Today e Policy and/or Value/Q Function

e Actor Critic
* Policy
e Value Function



Policy-Based Reinforcement Learning

* In the last lecture, we approximated the value of Q function using 0:
Vo(s) =~ V(s)
Qo(s,a) = Q" (s,a)

* We then use these approximations to generate a policy
* E.g., using e-greedy

* In this lecture, we will directly parametrize the policy
mg(s,a) = Plals, 0]

* We will focus on model-free reinforcement learning



Why Policy-Based RL?

* Advantages:
* Better convergence properties
e Effective in high-dimensional or continuous action spaces
* Can learn stochastic policies

* Disadvantages:
* Typically converges to a local rather than global optimal policy
* Evaluating a policy is typically inefficient and high variance
* Requires more samples (i.e., environment interactions) to converge



When to use Policy-Based RL?

* Problems for which learning the value function is challenging:
e Continuous state-action spaces (as in robotics)
* Very high-dimensional state and actions (as in LLMs)

* Problems where environment interactions are cheap
* Agent interacts with a very fast simulator (millions of transitions/second)

* Problems where having a stochastic policy is important



Example: Rock-Paper-Scissor

* Two-player game of rock-paper-scissors
* Scissors beat paper
* Rock beats scissors
* Paper beats rock

* Consider policies for iterated rock-paper-scissors
* A deterministic policy is easily exploited
* A uniform random policy is optimal (i.e., Nash Equilibrium)



Example: Rock-Paper-Scissor

* Didn’t we say that for any MDP, there is a
unique deterministic policy that is optimal?

* Why, in this case, is the optimal policy not
deterministic?

* In some problems, algorithmic decisions can
account for poor modeling assumptions.



Policy Gradients: Core Ideas

e Assume we’rein an MDP withs € S,a € A,r € R.
* \We parametrize the policy using the parameter 0: (a|s, 6).

* By changing 8, we can control the agent's behavior.

* Each policy has a different value function, V9 (s).

* Goal. Find the parameters 6 that maximize the value function.

0" = arg max Vo(s)



Example 1: Discrete States and Actions

* We have three possible states: s € {O,%, 1}.

* There are only two possible actions, a; and a,.

* We can parametrize the policy as follows:
* m(a,|s) = 0s
e m(a,|ls) =1 —6s
- 9 € [0,1]

 Why is this a bad parametrization?



Example 2: Continuous States and Actions

* Continuous 1D state space: s € [0,1]
* Continuous 1D action space:a € R

* We can parametrize the policy as follows:
e Gaussian distribution with mean 8s and std=0.5

* m(als) = NV (6s,0.5)
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Example 3: Neural Networks

* Continuous 1D state space: s € [0,1]
* Continuous 1D action space: a € R
* Neural network NN with parameters @

* We can parametrize the policy as follows:
* u(s;0) = NN(s;0)
e m(als) = N (u(s;0),0.5)

AT

p—=20 p Ao I ptloe p+2o

11



Policy Objective Functions

* Goal. Find the parameters 8 that maximize the value function.

0* = arg max Vo (s)

e But for which state s?

* In episodic environments (w/ terminal state and/or y < 1), we use the
expected value of the start states

0" = arg max Es, VO (sy)]

* In continuing environments (w/o terminal state and y = 1), we use the
average value

0* = arg max Egm (s [V‘9 (S)]
* Where d™(s) is the stationary distribution of the (ergodic!) Markov chain
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Policy Optimization

» Useful Identities (no y for simplicity).

e 0" = arg mHaX](H)

* = argmax IESO[VH(SO)]

" = argmax E(so,a0,51,a1,...57)~m(6) [Xe=o r(se al)]
* = argmax E: p0) [ R(T)]
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Policy Objective vs Value Objective

* In policy-based methods, we write a cost function and optimize it.
0" = arg méax Erpo) R(T)]

* In Value-based methods (Sarsa, Q-learning, MC-Control), there is no
explicit cost function to optimize.

* We learn a value function with experience
* We act greedily with respect to the current value function
e Convergence to optimal policy is guaranteed (under some strict assumptions)
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Policy Optimization: How to find 6°?

* Gradient-free algorithms
* Brute force (try all possible 8, pick the best)
* Genetic algorithms

* Do not exploit the sequential structure of the problem. Last resort.

* Gradient-based algorithms
 Gradient-ascent
* Quasi-Newton

* They exploit the problem's sequential structure and decomposition into sub-
problems.

* We will focus on gradient ascent methods.
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Policy Gradient

* Let J(0) be the objective function

* Policy-gradient algorithms search for a local
maximum of J(8) by ascending the gradient of the

policy w.r.t. parameters 6
AG = C(Vg](@)

* Where « is the scalar step size.

* Vo] (0) is called the policy-gradient
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Why is Computing the Policy Gradient Hard?

e Consider, as an example, a differentiable function J(8) = 6°
* What is the gradient of J(6)? @

S

* Consider a one-step MDP: Biased-Coin Toss. - /
* Always start at the same s; = h
* ](0) — [E(so,a():ng(so),sl) [I‘(Sl)] —
[s1 = h|ay =mg(se)lr(h) + Pls; =t | ay = my(se)]r(t)

6P[51|n9(30)]?

e What is Y
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Why is Computing the Policy Gradient Hard?

* It requires differentiation through the environment!

* How can we differentiate through something we don’t know?

* Approach 1: Fit a differentiable model to the environment, and use that
gradient instead (differentiable simulators).

* Approach 2: Use an approximation of the gradient.
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Score Function ldentity

* J(8) = Exepoy | f (X)]

* VJ(0) = VE, p(x;0)Lf (x)]
* = V2xexP(x;0)f (x)

* = Dxex VP(x; 0)f (x)

( 9)

* = Yxex p(x, 0)Vlogp(x;0) f(x)
* = Exp(x:0)[V1og p(x; 0) f ()]

(definition of expectation)

(linearity of expectation)

p(x;6)
p(x;0) 1)

(definition of log gradient)

(multiply by

(definition of expectation)
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Score Function ldentity

V@](Q) = Vp ]Ex~P(x;0) [f(X)] — ]Ex~p(x;9) [VH log p(x; Q)f(x)]
* Transforms the gradient of an expectation to the expectation of a gradient.

Q.
° Vg](é’) — VQIE(SO,CL():TEQ(SO),Sl) [I‘(Sl)] A= ;':'\-
* =VgPls; =h|ag =me(so)lr(h) + VoPlsy =t | ag = me(se)]r(t) i
* VQ](H) — E(so,a():ng(so),sl) [VG log 7T(aolSO» 9) 1‘(81)] =
« =Pls; = h|ay =mg(sy)|Vglogm(aylsy, 8) r(h) + (prob. heads)
* +Pls; =t]|ay =mg(s9)|Vglogm(aylsy, 0) r(t) (prob. tails)
* Only requires gradient of the policy (which we know), not of the env.
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Score Function ldentity

V@](Q) — VH]EvaP(x;G) [f(X)] — ]Ex~p(x;9) [VH log p(x; Q)f(x)]
* Transforms the gradient of an expectation to the expectation of a gradient.

* Why is this useful for us?
- J(6) = IET~p(T;9) [R(7)]
° Vg](g) — VQIET~p(T;9) [R(T)] — [ET~p(T;9) [V@ log(p(r; 6)) R(T)]

* |t turns out that, exploiting the sequential nature of the problem, we can
analytically compute Vy log(p(z; 6)) without:
 Differentiating over the environment ,,
* Even knowing the environment transition probabilities @
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Simplifying the gradient of trajectories

* What does p(t; ) represent? 1

* What is the probability of a trajectory o
T given policy parameters 0

* What does Vgp(7; 0) represent?

* The direction € we change the parameters 8 to maximize the probability of
p(t; 0 + ae), fora - 0.

* Since log(p(t; B)) is a strictly monotone function of p(t; 8), Vglog(p(t; 0))
has the same meaning.
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Simplifying the gradient of trajectories

* Vg log(p(t;6)) =

* Vg log(p(so)m(aolse, O)p(silse, ag) -+ p(stlsr—_1,ar_1)) (def. of p(t; 0))
+ = Vg log (p(se)II=gm(aclse, 0)p(seralse ar))

« = Vg (log(p(so)) + Xzt logm(a,lss, 8) + log p(se4qlse ar)) (log of product = sum)
» = Vplog(p(so)) + XfZs Ve (logm(arlse, 6)) + Vo(log p(ses1lse, ar)) (6 independent)
e« =Y Vylogn(asls,, 0) (sum only gradients of actions!)
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Simplifying the gradient of trajectories

T—1
Vo log(p(z;0)) = Z Vo logm(a;|s:, 6)
t=0
* The environment transition probabilities disappear!

* Therefore, we don’t need to differentiate with respect to the environment (or
even know the transition probabilities) to compute the gradient of trajectories.
* Isn’t that crazy? ©
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Simplifying the gradient of trajectories

Os

 What does T[(atlst, 9) represent? m(als, 6) “

1—0s

* The probability of the policy selecting action a;
when being in state s; using parameters 6.

* What does Vgm(a,|s;, ) represent?

* The direction € we change the parameters 6 to maximize the
probability m(a;|s;, 6 + ae), fora - 0

« Same meaning for Vg logm(a;|ss, 6)
* Easy to compute: w(a,|s,, 8) is generally a differentiable function of 6.
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Putting all together

VgJ(8) = Vy [Er~p(r;9) [R(7)]
— IEr~p(1';t9) [_VO lOg(p(T; 9)) R(T)]

T—1
= Eepee | ) Vo logm(adls,, 0) R(2)
t=0

* Why is this convenient?

* We can compute an approximation of the gradient through samples

K-1]

Vo] (6) = % 2

k=0

T-1
2 Vg log m(ak|sk,0) R¥(1)
=0
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Algorithm Summary

* Initialize @ arbitrarily

e Until tired/converged:
* Run the policy m(als, 8) for K episodes of length T

» Compute policy gradient VgJ(0) = %Z’,ﬁ;&[zgg Vg logm(af|sk,6) R*(v)]
* 0«0+ aVyJ(8)
* Return 6
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Simplifying the Policy Gradient Further

T—1
VG](H) — VQIET~p(T;9) [R(D)] = [Er~p(r;9) Z Vg log 7T(atlst; 6) R(7)
t=0

* Let’s compute the gradient w.r.t a single reward term, att =t
(T—1

VoErpmoyr (s, a)] = Erpirioy 2 Vg log(a;|s;, 8) r(s,r,a.r)
t=0

. — [Er~p(r;9)[2§'=o Vg log(a;|s;, 8) (s, at,)] (stop the sum at t’)
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Simplifying the Policy Gradient Further

VoErproy)lr(se, ap)] = Eropro) z Vg logm(alse, 8) r(syr,a.r)

. Getting back the original cost by summing all (s, a,r)

* Y=o Ve IET~p(T [T (ser,apr)]

* Vo i ]ET~p(T oylr(sy,a)] (linearity of gradient)

T 1

o — Ve[Er~p(r;9) _oT(spr, apr )] (linearity of expectation)

* = VoE, pr0)[R (T)] (original objective)
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Simplifying the Gradient Further (Brace for Impact)

* VoEip;0) [R(7). Z VH Erepr;0) [r(ser, a.r)]

= sz;lo Erp(r:0) Zt—o Vg logm(a;|se, 8) r(s,, atr)_ (slide 28)

* = Epopr; 9)[ Zt o Vo logm(a;|se, ) r(s,r, atr)_ (slide 29)

e = Erpmoy| 2ico (Vo logm(aglsy, 0) Tp_i 7(ser,ar))| (rearrange terms)

* = Erproy[Xico (Vg logm(aels,, 6) G (return definition)
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Summary: Policy Gradient Theorem

* We have shown that for episodic MDPs:

T—1
Vo] (0) = VoErp.0)[R(D)] = Erepp(r0y Z(Ve log m(a¢|se, 0) G¢)
t=0

* Furthermore, for any differentiable 4 (s, a), in an ergodic continuing
MDP, we can show that:

Vo] (8) = VgEqn()|VO ()]
= Es-am(s;,0),a~m(als,0) [VH log (als, 6) QH (s, a)]



A (Better) Algorithm

Previous New (REINFORCE,’92)
* Initialize 6 arbitrarily * Initialize @ arbitrarily
e Until tired: e Until tired:
* Run the policy w(als, 8) for K * Run the policy m(als, 8) for K
episodes of length T episodes of length T
 Compute policy gradient * Compute policy gradient
Wg](@) ) Vg](@) -
K-1 1 K-1
=% z Vg logm(af |S[.‘, ) R*(1) =X z Vg logm(af |Slf,9) G
k=0 | k=0 |
. 9<—9+aV9](8) . 9<—9+ave](9)

e Return 6 e Return @
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Intuive Interpretation

Vg logm(al|sk,6) Gk

* Intuition:
* Increase the probability of actions according to the return that follows them.

* The better the return, the more the policy gradient aims to improve it.

* Maximizing the probability of action sequences that lead to good returns and
minimizing the one that leads to poor returns.

* Policy-based methods formalize trial-and-error!
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Geometric Interpretation

* True Objective

Local Linear Approximation in Policy Gradient

J(0) = E¢ p(r;0)[R(7)]

= True objective J(0)

=== Local surrogate L"5(0)

* Local Surrogate Objective |
T—1 S 2
L(O) = ) (logn(als,0)G) I,

t=0

0

* The local surrogate and true objective - - G i

Policy Parameter ¢

have the same gradient at the policy
parameters @' that collected the

trajectories. .



Reinforce: Advantages and Limitations

Advantages
* Extremely easy to use

* Good performance in complex problems (after
enough tuning)

Limitations
* High-variance
* Very hard to tune

Next Class: Methods to address these limitations
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  𝜃


   V 𝜃  ( s ) ≈  V 𝜋  ( s )


   Q 𝜃  (  s , a ) ≈  Q 𝜋 ( s , a )


  𝜖


   𝜋 𝜃  (  s , a ) = ℙ  [ a |  s , 𝜃 ]


  s ∈ S ,   a ∈ A ,   r ∈ R


  𝜃


   V 𝜃 ( s )


  𝜃


   𝜃 ∗ =   arg ⁡      max 𝜃 ⁡   V 𝜃 ( s )


  s ∈ { 0 ,  1 2 , 1 }


   a 1


   a 2 .


  𝜋  (   a 1 | s ) = 𝜃


  𝜋  (   a 2 | s ) = 1 − 𝜃


  𝜃 ∈ [ 0 , 1 ]


  s ∈  [  0 , 1 ]


  a ∈ ℝ


  𝜃 s


  𝜋  ( a | s ) = 𝒩 ( 𝜃 s , 0 . 5 )


  s ∈  [  0 , 1 ]


  a ∈ ℝ


  N N


  𝜃


  𝜇  (  s ; 𝜃 ) = N N ( s ; 𝜃 )


  𝜋  ( a | s ) = 𝒩 ( 𝜇  (  s ; 𝜃 ) , 0 . 5 )


  𝜃


   𝜃 ∗ =   arg ⁡      max 𝜃 ⁡   V 𝜃 ( s )


  s


  𝛾 < 1


   𝜃 ∗ =   arg ⁡      max 𝜃 ⁡   𝔼   s 0  [   V 𝜃  (   s 0 ) ]


  𝛾 = 1


   𝜃 ∗ =   arg ⁡      max 𝜃 ⁡   𝔼   d 𝜋 ( s )  [   V 𝜃  ( s ) ]


   d 𝜋 ( s )


  𝛾


   𝜃 ∗ =   arg ⁡      max 𝜃 ⁡  J ( 𝜃 )


  =   arg ⁡      max 𝜃 ⁡   𝔼   s 0  [   V 𝜃  (   s 0 ) ]


  =   arg ⁡      max 𝜃 ⁡   𝔼   (   s 0 ,  a 0 ,  s 1 ,  a 1 ,   … ,  s T ) ~ 𝜋  ( 𝜃 )  [   ∑  t = 0  T − 1  r  (   s t ,  a t ) ]


  =   arg ⁡      max 𝜃 ⁡   𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 ) [ R ( 𝜏 ) ]


   s 0


   𝜏 2


   𝜏 1


   𝜏 3


   𝜃 ∗ =   arg ⁡      max 𝜃 ⁡   𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 ) [ R ( 𝜏 ) ]


   𝜃 ∗


  𝜃


  J ( 𝜃 )


  J ( 𝜃 )


  𝜃


  Δ 𝜃 = 𝛼  ∇ 𝜃 J  ( 𝜃 )


  𝛼


   ∇ 𝜃 J  ( 𝜃 )


  J  ( 𝜃 ) =  𝜃 2


  J  ( 𝜃 )


   s 0 = h


  J  ( 𝜃 ) =  𝔼   (   s 0 ,  a 0 =  𝜋 𝜃  (   s 0 ) ,  s 1 )  [  r (  s 1 ) ]


  = P  [   s 1 = h   |    a 0 =  𝜋 𝜃 (  s 0 ) ] r  ( h ) +   P  [   s 1 = t   |    a 0 =  𝜋 𝜃 (  s 0 ) ] r  ( t )


    𝜕 P [  s 1 |  𝜋 𝜃  (   s 0 ) ]  𝜕 𝜃


  J  ( 𝜃 ) =  𝔼  x ~ P ( x ; 𝜃 )  [  f ( x ) ]


  ∇ J  ( 𝜃 ) = ∇  𝔼  x ~ P ( x ; 𝜃 )  [  f ( x ) ]


  = ∇  ∑  x ∈ X  p  (  x ; 𝜃 ) f  ( x )


  =  ∑  x ∈ X  ∇ p  (  x ; 𝜃 ) f ( x )


  =  ∑  x ∈ X    p  (  x ; 𝜃 )  p  (  x ; 𝜃 ) ∇ p  (  x ; 𝜃 ) f ( x )


    p  (  x ; 𝜃 )  p  (  x ; 𝜃 ) = 1


  =  ∑  x ∈ X  p  (  x ; 𝜃 ) ∇   log ⁡  p ( x ; 𝜃 ) f ( x )


  =  𝔼  x ~ p  (  x ; 𝜃 ) [ ∇   log ⁡  p  (  x ; 𝜃 ) f  ( x ) ]


   ∇ 𝜃 J  ( 𝜃 ) =  ∇ 𝜃  𝔼  x ~ P ( x ; 𝜃 )  [  f ( x ) ] =  𝔼  x ~ p  (  x ; 𝜃 ) [  ∇ 𝜃   log ⁡  p  (  x ; 𝜃 ) f  ( x ) ]


   ∇ 𝜃 J  ( 𝜃 ) =    ∇ 𝜃 𝔼   (   s 0 ,  a 0 =  𝜋 𝜃  (   s 0 ) ,  s 1 )  [  r (  s 1 ) ]


  =  ∇ 𝜃 P  [   s 1 = h   |    a 0 =  𝜋 𝜃 (  s 0 ) ] r  ( h ) +  ∇ 𝜃 P  [   s 1 = t   |    a 0 =  𝜋 𝜃 (  s 0 ) ] r  ( t )


   ∇ 𝜃 J  ( 𝜃 ) =  𝔼   (   s 0 ,  a 0 =  𝜋 𝜃  (   s 0 ) ,  s 1 )  [   ∇ 𝜃   log ⁡  𝜋  (   a 0 |   s 0 , 𝜃 ) r (  s 1 ) ] =


  = P  [   s 1 = h   |    a 0 =  𝜋 𝜃 (  s 0 ) ]  ∇ 𝜃   log ⁡  𝜋  (   a 0 |   s 0 , 𝜃 ) r  ( h ) +


  +   P  [   s 1 = t   |    a 0 =  𝜋 𝜃 (  s 0 ) ]  ∇ 𝜃   log ⁡  𝜋  (   a 0 |   s 0 , 𝜃 ) r  ( t )


   ∇ 𝜃 J  ( 𝜃 ) =  ∇ 𝜃  𝔼  x ~ P ( x ; 𝜃 )  [  f ( x ) ] =  𝔼  x ~ p  (  x ; 𝜃 ) [  ∇ 𝜃   log ⁡  p  (  x ; 𝜃 ) f  ( x ) ]


  J  ( 𝜃 ) =  𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [  R  ( 𝜏 ) ]


   ∇ 𝜃 J  ( 𝜃 ) =    ∇ 𝜃 𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [  R  ( 𝜏 ) ] =  𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∇ 𝜃   log ⁡   (  p  (  𝜏 ; 𝜃 ) ) R  ( 𝜏 ) ]


   ∇ 𝜃   log ⁡   (  p  (  𝜏 ; 𝜃 ) )


  p ( 𝜏 ; 𝜃 )


  𝜏


  𝜃


   ∇ 𝜃 p ( 𝜏 ; 𝜃 )


  𝜖


  𝜃


  p  (  𝜏 ; 𝜃 + 𝛼 𝜖 )


  𝛼 → 0


    log ⁡  ( p ( 𝜏 ; 𝜃 ) )


  p ( 𝜏 ; 𝜃 )


   ∇ 𝜃 log ⁡ ( p  (  𝜏 ; 𝜃 ) )


   s 0


   𝜏 2


   𝜏 1


   𝜏 3


   ∇ 𝜃   log ⁡   (  p  (  𝜏 ; 𝜃 ) ) =


   ∇ 𝜃   log ⁡   (  p  (   s 0 ) 𝜋  (   a 0 |   s 0 , 𝜃 ) p  (   s 1 |   s 0 ,  a 0 ) ⋯ p  (   s T |   s  T − 1 ,  a  T − 1 ) )  


  p ( τ ; θ )


  =  ∇ 𝜃   log ⁡   (  p  (   s 0 )  Π  t = 0  T − 1 𝜋  (   a t |   s t , 𝜃 ) p  (   s  t + 1 |   s t ,  a t ) )


  =  ∇ 𝜃    (    log ⁡   (  p  (   s 0 ) ) +  ∑  t = 0  T − 1    log ⁡  𝜋  (   a t |   s t , 𝜃 ) +   log ⁡  p  (   s  t + 1 |   s t ,  a t ) )


  =    ∇ 𝜃 log ⁡   (  p  (   s 0 ) ) +  ∑  t = 0  T − 1   ∇ 𝜃 (   log ⁡  𝜋  (   a t |   s t , 𝜃 ) ) +    ∇ 𝜃 ( log ⁡  p  (   s  t + 1 |   s t ,  a t ) )


  𝜃


  =  ∑  t = 0  T − 1   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 )    


   ∇ 𝜃   log ⁡   (  p  (  𝜏 ; 𝜃 ) ) =  ∑  t = 0  T − 1   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 )


  𝜋  (   a t |   s t , 𝜃 )


   a t


   s t


  𝜃


   ∇ 𝜃 𝜋  (   a t |   s t , 𝜃 )


  𝜖


  𝜃
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  𝛼 → 0


   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 )


  𝜋  (   a t |   s t , 𝜃 )


  𝜃


  𝜃 s


  1 − 𝜃 s


   a 1


   a 2


  𝜋 ( a | s , 𝜃 )


   ∇ 𝜃 J  ( 𝜃 ) =    ∇ 𝜃 𝔼  𝜏 ~ p  (  𝜏 ; 𝜃 )  [  R  ( 𝜏 ) ]


  =  𝔼  𝜏 ~ p  (  𝜏 ; 𝜃 )  [   ∇ 𝜃   log ⁡   (  p  (  𝜏 ; 𝜃 ) ) R  ( 𝜏 ) ]


  =  𝔼  𝜏 ~ p  (  𝜏 ; 𝜃 )  [   ∑  t = 0  T − 1   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 )   R  ( 𝜏 ) ]


     ∇ ^ 𝜃 J  ( 𝜃 ) =  1 K  ∑  k = 0  K − 1   [   ∑  t = 0  T − 1   ∇ 𝜃   log ⁡  𝜋  (   a t k |   s t k , 𝜃 )    R k  ( 𝜏 ) ]


  𝜃


  𝜋 ( a | s , 𝜃 )


     ∇ ^ 𝜃 J  ( 𝜃 ) =  1 K  ∑  k = 0  K − 1   [   ∑  t = 0  T − 1   ∇ 𝜃   log ⁡  𝜋  (   a t k |   s t k , 𝜃 )    R k  ( 𝜏 ) ]


  𝜃 ← 𝜃 + 𝛼    ∇ ^ 𝜃 J  ( 𝜃 )


  𝜃


   ∇ 𝜃 J  ( 𝜃 ) =    ∇ 𝜃 𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [  R  ( 𝜏 ) ] =  𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∑  t = 0  T − 1   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 )   R  ( 𝜏 ) ]


  t = t ′


     ∇ 𝜃 𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [  r  (   s   t ′ ,  a   t ′ ) ] =  𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∑  t = 0  T − 1   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 ) r  (   s   t ′ ,  a   t ′ ) ]


  =  𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∑  t = 0   t ′   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 ) r  (   s   t ′ ,  a   t ′ ) ]


   t ′ )


     ∇ 𝜃 𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [  r  (   s   t ′ ,  a   t ′ ) ] =  𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∑  t = 0   t ′   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 ) r  (   s   t ′ ,  a   t ′ ) ]


  r  (   s   t ′ ,  a   t ′ )


   ∑   t ′ = 0  T − 1     ∇ 𝜃 𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [  r  (   s   t ′ ,  a   t ′ ) ]


   ∇ 𝜃    ∑   t ′ = 0  T − 1   𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [  r  (   s   t ′ ,  a   t ′ ) ]


  =    ∇ 𝜃 𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∑   t ′ = 0  T − 1  r  (   s   t ′ ,  a   t ′ ) ]


  =    ∇ 𝜃 𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [  R  ( 𝜏 ) ]


     ∇ 𝜃 𝔼  𝜏 ~ p  (  𝜏 ; 𝜃 )  [  R  ( 𝜏 ) ] =  ∑   t ′ = 0  T − 1     ∇ 𝜃 𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [  r  (   s   t ′ ,  a   t ′ ) ]


  =  ∑   t ′ = 0  T − 1   𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∑  t = 0   t ′   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 ) r  (   s   t ′ ,  a   t ′ ) ]


  =  𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∑   t ′ = 0  T − 1   ∑  t = 0   t ′   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 ) r  (   s   t ′ ,  a   t ′ ) ]


  =    𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∑  t = 0  T − 1   (   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 )  ∑   t ′ = t  T − 1  r  (   s   t ′ ,  a   t ′ ) ) ]


  =    𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∑  t = 0  T − 1   (   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 )  G t ) ]


   ∇ 𝜃 J  ( 𝜃 ) =    ∇ 𝜃 𝔼  𝜏 ~ p  (  𝜏 ; 𝜃 )  [  R  ( 𝜏 ) ] =  𝔼  𝜏 ~ p ( 𝜏 ; 𝜃 )  [   ∑  t = 0  T − 1   (   ∇ 𝜃   log ⁡  𝜋  (   a t |   s t , 𝜃 )  G t ) ]


   𝜋 𝜃 ( s , a )


   ∇ 𝜃 J  ( 𝜃 ) =    ∇ 𝜃 𝔼   d 𝜋 ( s )  [   V 𝜃  ( s ) ]


  =  𝔼  s ~  d 𝜋  (  s ; 𝜃 ) ,   a ~ 𝜋 ( a | s , 𝜃 )  [   ∇ 𝜃   log ⁡  𝜋  ( a |  s , 𝜃 )  Q 𝜃 ( s , a ) ]


  𝜃


  𝜋 ( a | s , 𝜃 )


     ∇ ^ 𝜃 J  ( 𝜃 ) =  1 K  ∑  k = 0  K − 1   [   ∑  t = 0  T − 1   ∇ 𝜃   log ⁡  𝜋  (   a t k |   s t k , 𝜃 )    R k  ( 𝜏 ) ]


  𝜃 ← 𝜃 + 𝛼    ∇ ^ 𝜃 J  ( 𝜃 )


  𝜃


  𝜃


  𝜋 ( a | s , 𝜃 )


     ∇ ^ 𝜃 J  ( 𝜃 ) =  1 K  ∑  k = 0  K − 1   [   ∑  t = 0  T − 1   ∇ 𝜃   log ⁡  𝜋  (   a t k |   s t k , 𝜃 )    G t k ]


  𝜃 ← 𝜃 + 𝛼    ∇ ^ 𝜃 J  ( 𝜃 )


  𝜃


   ∇ 𝜃   log ⁡  𝜋  (   a t k |   s t k , 𝜃 )    G t k


  J  ( 𝜃 ) =  𝔼  𝜏 ~ p  (  𝜏 ; 𝜃 )  [  R  ( 𝜏 ) ]


  L  ( 𝜃 ) =    ∑  t = 0  T − 1   (    log ⁡  𝜋  (   a t |   s t , 𝜃 )  G t )

